Abstract. We shall consider ZlámaPs approach to the nonstationary equations of the semiconductor device theory under magnetic fields, with mixed boundary conditions. Owing to the reduced smoothness of the electric potential y/ and carrier densities n and p caused by considering the mixed boundary conditions, we must use a nonstandard analysis for this procedure. Existence as well as uniqueness of the approximate solution is proved. The convergence rates obtained in this paper are slower than those previously obtained for pure Dirichlet or Neumann boundary conditions.
Introduction
We shall consider a system of three quasilinear partial differential equations in a bounded polygonal domain f2 e R2, which form a basic model of the transient behavior of a semiconductor device in a magnetic field (cf. Allegretto, Mun, Nathan, and Baltes [1] , and Wang [30] ):
(a) -Ay/ = -(p-n + N), (1.1) (b) ^ -V -[ea*AxV(e-a¥n)\ + Rn(n, p) = 0, (c) % ~ v ' \-e~aVA^^avPÏ\ + rp(" . />) = o.
The unknowns are the electrostatic potential y/ and the electron and hole densities n and p, while q and e are constants (q is the electron charge, e is the permittivity). The function N is the total electric active net impurity density or "doping", and a is a positive constant; Rn(n, p) and Rp(n, We simplify the system, taking a = q/e = 1 and Rn{n, p) = Rp{n, p) = R(n, p) (assumed Lipschitz continuous). These simplifications are not essential, neither for the construction of the approximate solution nor for the results of this paper. We can write (1.1) in the form For simplicity, consider the PDE system (1.5) with homogeneous mixed boundary conditions: (1.6) {y/, n,p} = {0,0,0} on d£lD x I, (1.7) ||^, Jn-v, Vi/J = {0,0,0} ondaNxI.
Here, the boundary <9C2 of Q has been decomposed into the union dQ.DUdQN , where dÇlp is of positive measure in d£l, I = [0, T], v is the outward unit normal vector on dQ,, Jn = A\(Vn -nVy/), and Jp = A2(Vp + pVy/). In addition, we have the initial condition (1.8) n = n°(x), p = p°{x) in Q.
Remark 1.1. For nonhomogeneous mixed boundary conditions with smooth data, the problems can be homogenized by Banasiak and Roach's trace theorem in [2] .
There is much work concerning the basic semiconductor device equations with no magnetic fields. For stationary problems, Mock [23, 25] showed the existence and uniqueness of a solution subject to the mixed boundary conditions (with R = 0). A very similar existence proof was given by Bank, Jerome, and Rose [4] , and effective numerical algorithms were also presented in their paper. Later, Jerome [17] proved the existence for a more general stationary problem. A singular perturbation analysis for the problems was given by Markowich [19, 20] , Markowich and Ringhofer [21] , and Selberherr and Ringhofer [27] . Finite difference or finite element methods are discussed in Markowich [20] and in references therein. Recently, Ringhofer and Schmeiser [26] analyzed an iterative method and its convergence. For nonstationary problems, Mock [24] was the first to prove a global existence and uniqueness result, and a more general type of the boundary conditions was discussed in Gajewski [13] and Gajewski and Groger [14] . With regard to numerical treatments, Zlámal [33] has proposed two fully discrete finite element schemes (one is nonlinear, the other is partly linear) and discussed the existence (for both schemes) and uniqueness (for the second scheme) of the approximations. Stability, uniqueness, and convergence (for the first scheme) of the approximations have been investigated under stronger assumptions in Zlámal [34] . The mixed finite element-characteristic procedure for the one-dimensional Dirichlet problem was introduced by Douglas, Gamba, and Squeff [7] , and Gamba and Squeff [15] , Douglas and Yuan [8] , and Douglas, Yuan, and Li [9, 10] have discussed, respectively, the finite differencecharacteristic finite difference procedure, the mixed finite element-characteristic finite difference procedure, and the mixed finite element-characteristic finite element procedure for the two-dimensional Dirichlet problem and the Neumann problem, and have given the convergence analyses under the assumption of a smooth solution.
However, to our knowledge, there is not much work on problems in the presence of magnetic fields. A finite element analysis for stationary problems was given by Allegretto, Mun, Nathan, and Baltes [1] , but there was no theoretical analysis of approximation in their paper. Recently, the author [32] presented and analyzed the problem ( 1.1 ) by the finite difference-characteristic finite difference procedure, considering nonhomogeneous Dirichlet boundary conditions. Unfortunately, it is well known (see, e.g., [2, 28] ) that in general the solutions of mixed boundary value problems for elliptic equations are not smooth, no matter how smooth the data may be, and moreover, the loss of smoothness occurs in the vicinity of oiionoQjv • Hence, the solutions of (1.5)-( 1.8) are certainly not smooth. Similar to the idea of Ewing and Wheeler [12] , we shall use in this paper a nonstandard analysis for Zlámal's approach. Since the resulting functions are considerably less smooth than previously assumed, the convergence rates obtained in this paper are slower than those previously obtained. Recently, Markowich and Zlámal [22] have generalized Zlámal's approach to mixed boundary value problems of second-order elliptic equations.
The paper contains two additional sections. In §2, terminology is developed, a variational form of the problem (1.5)-(1.8), basic regularity and boundedness assumptions are presented, and the continuous-time Zlámal's approach to ( 1.5)-(1.8) is defined. In §3, existence, uniqueness, and a priori error estimates for this approach are obtained. Throughout, the symbols C and a will denote, respectively, a generic constant and a generic small positive constant. 
Preliminaries and description of approximations

Ja veV,
We are looking for {y/, n, p}: I -* V x V x V . Let {y/, n, p}, the solution of ( 1.5)-(1.8), satisfy the following regularity assumptions: (2.6) (a) IMIl°°(27'+<') + IMIl^//1*») + ll/?llz,2(//i+<') < C,
dn dt + LHLi) dp dt mm <c, where 0 < a < 1 and C are fixed constants, ||m||l9(a-) = I|m||l«(/;x) , Q = 2, cxd , and X is a Sobolev space on f2. In view of [1, 2, 4, 13, 14, 28] , the above assumptions are reasonable.
In this paper we restrict our attention to continuous-time Zlámal's approach (nonlinear scheme) to (1.5)-( 1.8). We consider a family {Th} of triangulations of Q. Let K denote an element of T/,, hK = diam(A^), and h = max/^^ h% ■ As in Zlámal [34] , we assume that the family {Th} satisfies the minimum angle condition and is of acute type. Thus, if J is the Jacobian matrix of the linear mapping which maps a given triangle K on the reference triangle K, then
We shall use the above implicitly in some places.
With each partition from {Th} we associate the finite-dimensional space Vh -{Vh € C(fl) ; vh is a linear polynomial on each K eTh, vh\dSÍD = 0} .
We use the same idea as in Mock [25] and Zlámal [33, 34] : the quantities /", Jp , and || V y || are approximated by constants on each element K. Let Wh* nh> Ph > and Vh belong to Vf,. The discrete analogs of the forms v(yi ; n, v) and 7i(y/; p, v) are
, and x* is the center of gravity of the element Ä^. Here, J is the Jacobian matrix of the mapping which maps K on K in such a way that the node xr is mapped on the vertex (0,0) in the reference plane (see Zlámal [33] ), vhr is the value vh(xr), vr is the basis function associated with the node xr, and BK , DK are the matrices (2.9)
Here, B(Q = £(*< -I)"1 and D{Q = e^B{Q = B(-Q, -oo < f < oo. (2-1Q) (dp \ {-<S)\~df,Vh) +n^{r,h\Ph,Vh) + {R(nh,Ph),vh)h = Q, vh£Vh,
The main results of this paper are the existence, uniqueness, and a priori error estimates for the approximation {y/h , nh, Ph] ■ These will be developed in the next section.
3. Existence, uniqueness, and a priori error estimates Similar to the idea introduced by Ewing and Wheeler [12] for miscible displacement problems, we first define the L2 projection {«, p] of {n, p} into Vh x Vh by (a) (n-n,vh) = 0, vh G Vh, or
We are led to use the L? projection of {« , p} into Vh x Vh instead of the now more standard //' projection, owing to smoothness restrictions on n and p . Since we assume that |y and |^ are only in L2(I; L2), we are not able to treat terms like §¡{n -ñ) and §¡(p -p) in the usual fashion. Thus, we have used {«, p} in (3.1b, d) to remove this problem. Using the theory of interpolation spaces, we obtain (see, e.g., Ewing and Wheeler [12] ) Lemma 3.1. There exists a positive constant C such that, for each tel, (a) ||« -«|| + «||« -«||, < C\\n\\Sihs<, 1 < j, < 1 + a,
Assuming that the family {Vh} satisfies the following inverse inequalities (see Ciarlet [5] and Thomée [29] ), we also have Lemma 3.2. There exists a positive constant C such that, for any vh G Vh,
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Finally, we need (see Ciarlet [5] ) Lemma 3.3. There exists a positive constant C such that, for all real q with 1 < q < oo,
where v(Q = v(x(Q), x(Ç) = Er=;,fc,«^r(C)-
We shall prove the main results of this paper similarly as was done by the author in [31] . By elementary, but tedious computations, we can write the form vh as follows: h It is furthermore known that (see Zlámal [34] ) brs > 1. Therefore, (3.12) al(y/h;Vh,vh)>al{0;Vh,Vh)>ao\\Vvh\\2 VuA G Vh.
In a similar way we can derive License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use and (3.29) a = {uh € Vh x Vh; \\uh\\2 < 2C*(h)}. Then, by (3.27), for 0 < t < T*, we can prove that P(¿?) C €. By usual arguments one can show that P is continuous. Therefore, the Brouwer Fixed Point Theorem yields the existence of a fixed point of P.
(II) Uniqueness. Let {y/h, rih, Ph} and {y/h, «A, Ph} be solutions of (2.10) for t G [0, T*], and let yi = y/h -Wh , ñ = nh -ñh , and p -Ph~Ph-Then Next, we consider bounds for the terms on the right-hand side of the resulting equation. Using Lemma 4.3 in Zlámal [34] , (3.1b) and (2.6c), we have (3.50) jTf, dx < Chj' 1^1 \m"\\dx < f|||Vi"||22(/(;i2) + Ch2.
By (2.5), (3.45), and (3.46), and noting that ß(x) is Lipschitz continuous, and (2.6), we get dx > dx Similarly to the treatment of F4 , we can show that jTi%rft<g||v4,||î,t,i;I,) + c||&|iî,t,i:1" + CÍIIÍH^.^ + h2"} + Ch2°\ logA^U2^.^.
As in [6, 11, 31] , let us make the induction hypothesis that (3.73) CIlogAl^llíllicc^.^^g.
Obviously, (3.73) holds for t = 0. Thus, (3.73) will hold for t < t* for some t* > 0. We shall show for A sufficiently small that t* = T* and that (3.43) holds. It follows from (3.72), (3.73), and Gronwall's Lemma that If we substitute M defined by (3.75) for ||«°||L2 and ||p°||¿2 on which C*(A) (in (3.27)) depends, then T* defined by (3.28) depends only on A. Thus, for A fixed, T* is a fixed constant, and we can show that the problem (2.10) has a unique global solution by extending gradually the local solution defined by Theorem 3.1. Therefore, Theorem 3.2 holds for / instead of /*. Noting (3.2) and (3.44), we have the following main results of this paper. Zlámal [33, 34] .
